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SECT ION 1 
In the paper, we consider the semilinear Schr5dinger equation 
Au +/ (x ,  u) = O, (1) 
in ~n, n > 3, where f is locally HSlder continuous in ]~n x R. 
Our purpose is to prove that there exists a bounded positive solution to (1) under quite general 
assumptions on the nonlinearity f. Our method relies on the comparison method, that is, the 
technique of super/subsolutions. The obtained results for (1) improve and enhance the former 
results in [1,2]. 
A solution u(x) of (1) in GB = {x E R '~ : Ix I > B} for some B > 0 is a function u E C2(CB) 
such that u(x) satisfies (1) at every point x C Cs .  A subsolution of (1) is a function u c C2(GB) 
that satisfies Au + f(x, u) > O. Similarly, a supersolution of (1) satisfies Au + f(x, u) < O. Set 
SB = {x E [~n :Ix[ = B} for B __k 0. 
We will need the following two lemmas in the sequel. 
LEMMA 1. (See [3].) Assume that f is locally H61der continuous in GB x JR. / f  for some B >_ 0 
there exists a nonnegative subsolution w(x) and a positive supersolution v(x) to (1) in GB 
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such that w(x) < v(x) for all x 6 GB U SB, then (1) has a solution u(x) in GB such that 
w(x) <_ u(x) <_ v(x) throughout GB U SB and u(x) = v(x) for x E SB, 
LEMMA 2. THE SCHAUDER-TIKHONOV THEOREM. (See [4]0 Let X be a Banach space and let 
K C X be a nonempty closed, bounded, and convex set. I f  the operator T : K ~ X continuously 
maps K into itself and T (K)  is relatively compact in X ,  then there exists a point x C K such 
that T(x) = x. 
By the means of Lemma 1, in order to prove the existence of a positive solution to (1), we need 
to construct a bounded nonnegative subsolution w(x) and a bounded positive supersolution v(x) 
to (1) such that w(x) <_ v(x) for all x E C0. Radial solutions to (1)--functions which depend 
only on r = lxl--satisfy a second-order nonlinear ordinary differential equation. Therefore, we 
first consider the problem of the existence of bounded positive solutions to second-order nonlinear 
differential equations. 
SECT ION 2 
Let us consider the following nonlinear differential equation: 
tt n - -  1 t v + - -y -~ + 9(t, ~) = 0, t > 0, (2) 
where the nonlinear function g : [0, +~)  × ]R × R ) R is continuous. 
LEMMA 3. Assume that g satisfies the inequality 
0 _< g(t, v) _< F(t, Ivl), (3) 
where F E C([0, oo) x [0, co), [0, oo)) and F(t, r) is nondecreasing in r for each fixed t E [0, oo). 
I f F ( t , r )  satisfies for some e > 0, 
/ ~ F(t ,c)  c (n -  2), (4) t dt < 
then there exists a 5 E (0, c) such that (2) has at least a bounded positive solution vc with 
~(o)  = e, ~ <_ ~( t )  <_ c for t > O, ~d ~( t )  tends to ~ positive constant as Itl -~  oo  
PROOF. By hypothesis (4), we have that there exists a 5 = 5(c) E (0, c) such that 
~o °° tF ( t , c )  dt < (c - - (5) 5)(n 2). 
Define the set 
X - {v E C([0, oo),]R): t~m v(t) exists}. 
The space X is Banach space with the norm HvH = supt___0 [v(t)[. 
Set K = {v c X : 5 <_ v(t) <_ c}. Obviously, K C X is the nonempty closed bounded convex 
set. Define the operator T by 
1 / t  [ (t)n_2] (Tv)(t) = c - s 1 - g(s, v(s)) ds, t > 0, (6) 
n- -2  
where (Tv)(0) = c. One can also obtain that the limit 
1 /~  [ (t)~-21 (Tv)(c~) = c -  - -  s 1 -  g(s ,v(s) )ds  n-2  
exists, since the integral converges absolutely by (3) and (4). Therefore, T : K ~ X is well 
defined. 
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We shall apply the Schauder-Tikhonov theorem to prove that there exists a fixed point for the 
operator T in K. 
(i) We check that T : K ~ K. Note that from inequalities (3) and (5) and the monotonicity 
property of F, we have for every v C K, 
1 ~0t [ ( t )  n-2] c - (Tv) ( t ) -  n -2  s 1 -  g(s ,v(s) )ds 
l /or l fj < - -  sg(s ,v (s ) )ds  < - -  sF (s ,v (s ) )ds  
-n -2  -n -2  
< - -  sF(s, c)) ds < c - 5, t > O. 
- - n - - 2  - -  - -  
(7) 
It follows that 5 < (Tv)(t) for t > 0. By (6) and (3), we have that (Tv)(t) < c for t > 0. Thus, 
T : K --~ K is well defined. 
(ii) We check that T(K)  is relatively compact in X. Differentiating the two sides of (6) with 
respect o t, we get 
(Tv)'(t) = - g(s, v(s)) ds, t >_ O, (8) 
where (Tv)'(O) = 0. Thus, by equation (8) and inequality (5), we have that 
I (Tv ) ' ( t ) l  : 
/1 /1 
j/~ l F (s ,  c) -~- (c -- ~)(n - 2) < M, ~ O, ds t 
(9) 
for some M > 0. So it follows that I(Tv)'(t)] ~_ M,  for all v E K with t _> 0. Let {Vn}n>l be an 
arbitrary sequence in K, then we have by (9), 
I (Tv~)'(t) l<_M, t>_O, n> l. 
An application of the mean value theorem yields 
[ (Tv~) ( t l ) - (Tvn) ( t2 ) [<_M]h- t2 ] ,  tl,t2 _> 0, n_>l. 
The above inequality shows that {Tvn}n>_l is equicontinuous in X. 
Since (Tv) (~)  exists, it follows that l imt_~(1 / (n -  2))f~ s[1 -(s/t)n-2]g(s,v(s))ds exists. 
Set 
l :  lim 1 ~ot [ ( t )  n-2] , -~  ~-  s ~ I - g(s, v(s)) de. 
By (6), we have 
, (Tvn) ( t ) - c+ l ,  l 1 ~ot [ ( t )  n-2] ds = s 1 -  g(s,v(s))  . (10) 
n -2  
Therefore, (10) shows that for every s > 0, there exists t0(z) > 0 such that 
I(Tv~)(t) - c + Zl ~ ~, t ~ to(~), ~ ~ l, (11) 
By (11), we know that {Tun}n>_1 is equiconvergent i  X. 
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Since Tv ,  • K ,  we also get that {Tv ,} ,> l  is bounded in X. Thus, applying the Arzela-Ascoli 
theorem [4], we obtain that {Tv,}n>~ is relatively compact in X. 
(iii) We check that T : K -~ K is continuous. Fix an ~ > 0. In view of (5), there exists some 
t. >_ 1 such that 
sF(s,  c) ds < -~. 
Since g : [0, t.] x [6, c] ---* R is uniformly continuous, there exists a a > 0 such that 
2~ 
Ig(~-, ~1) - 9(~-, ~) l  < ~3t--~ 
for all T e [0, t.], all rl ,r2 • [5, c] with It1 -r21 < a. 
By a straightforward computation based on formula (6), for all vl, v2 • K with Ilvl - v2]l < a, 
we have that 
](TVl) (t) - (Tv2)(t)[ = 
12  
< ~t .  
It follows that IITul - Tu2]l 
operator. 
[1 
o ~ slg( s, Vl(S)) - g( s, v2(s))] ds 
/o f slg(s, vl(s)) - g(s, v2(s))lds + s [[g(s, vl(s)) I + Ig(s, v2(s))l] ds 
• -~. + 2 sF(s,  c) ds <_ 6. 
= supt_> 0 ITul(t) - Tu2(t)l < 6. Hence, T : K --+ K is a continuous 
We have verified that T : K ~ K satisfies all assumptions of the Schauder-Tikhonov theorem. 
Therefore, we obtain that there exists vc E K such that Tvc = vc, v~(0) = c, 5 < vc(t) < c for 
t > 0, and 
v¢(t) = c - - -  s 1 -  g(s, vc(s))ds, t>0.  
n- -2  
Differentiating the two sides of the above equation with respect to t, we get that vc(t) is a 
solution to (2) which tends to a positive constant as I t] ~ 0% in view of (5) and (11). The proof 
of Lemma 3 is complete. | 
PROPOSITION. Assume that (3) holds and F(t,  r) is nondecreasing in r. I f  F(t,  r) satis/ies for 
some c > O, 
o c¢ t dt < (12) F(t, ¢) OO, 
then there exist to > 0 and 6 C (0, c) such that (2) on [to, co) has at least a bounded positive 
solution vc with v~(to) = c, 6 <_ vc(t) <_ c for t >_ to, and vc(t) tends to a positive constant as 
PROOF. In view of (12), if we take to >_ 0 sufficiently large, then we have 
/t[ ° tF ( t ,  c) dt < c(n - 2). 
Consider equation (2) on [to, oc), define the operator T1 : K1 --~ X1 by 
1 
(T l~) ( t )  = c -  - -  ~ 1 - g (~,~(~) )  de,  t > 0, 
n-2  
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where Xl  = {72 E C([t0, oo), l~):  limt__,~v(t) exists}, K1 = {v C X l  : 5 ~ v(t) ~ e for t > to}, 
and (Tlv)(to) = c. 
Following the proof of Lemma 3, we can verify that the operator T1 : K1 --* K1 satisfies all 
assumptions of the Schauder-Tikhonov theorem. Then, we get that there exists a fixed point for 
the operator T1 in the nonempty closed bounded convex set K1. Thus, we obtain the statement. |
REMARK. Lemma 3 and the Proposition are the extensions of the recent results presented in [5-7]. 
SECTION 3 
Next, we  shall apply Lemma 3 and the Proposition to prove that there exists a bounded positive 
solution to (i). Now,  we  present the main  theorem. 
THEOREM. Assume that f is locally H51der continuous in R n x ]~ and satisfies the following 
condition: 
0_<f (x ,u )<h( Ix  hlul), x~,  ueR,  (13) 
where h : [0, oo) x [0, oo) --- ,  [0, oo) is H61der continuous and h(r, s) is nondeereasing in s for 
every fixed r ~ [0, oo). 
(i) I f  for some e > 0 we have 
f ~ s h(s, e) ds < c(~ - 2), (14) 
then there exists a 5(0, c) such that (1) has a bounded positive solution u(x) with u(O) = e, 
5 <_ u(x) <_ c for x ~ R n. 
(fi) / f  for some e > 0 we have 
o~Sh(s ,c )  ds < oo, 
then there is some B > 0 and a 5 E (0, e) such that (I) has a bounded positive solution 
~(x) with 5 <_ ~(x) <_ e fox x c CB.  
PROOF. We first prove (i) of the theorem. Let us consider the following differential equation: 
Au + h(]x], u) = 0, x e ~.  (15) 
The change of variables t = ]xl, u(x) = y([x[), transforms (15) into 
n - l ,  
yl'(t) + T y  + h(t,y(t)) = O, t >_ O. (16) 
Applying Lemma 3 in view of hypothesis (14), we obtain that there exists a 5 E (0, c) such 
that (16) has a bounded positive solution y(t) with y(O) --- c, 5 <<_ y(t) <<_ c for t _> 0 and y(t) 
tends to a positive constant as t ~ oe. If we set v(x) = y(t), then we have that v(0) = c, 
5 <_ v(x) <_ c for Ix[ > 0, v(x) tends  to a positive constant as Ix] --* 0% and 
r~- - I  i 
Av + f (x ,v )  <_ Av + h(lxl,v) = y"(t) + - - -~y  + h(t,y(t))  = O. 
Hence, v(x) is a supersolution to (1) on Ix[ > 0. In addition, w(x) -- 5 satisfies obviously 
Aw(x) + f (x ,  w(x)) > 0, Ix[ >_ 0. 
The above inequality shows that w(x) = 5 is a subsolution to (1) on Ix[ > 0. 
Applying Lemma 1 with B = 0, we deduce that there exists a solution u(x) to (1) such that 
0 < 5 _= w(x)  < ~(x)  _< 72(x) _< c for all x e R~, and ~(0) = 72(0) = e. This  proves (i) of the 
theorem. 
In addition, by the Proposition and the obtained result for (i), we deduce that the statement 
for (ii) is true. This completes the proof. | 
As a particular case of the theorem, we obtain the following. 
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COROLLARY. Assume that f is locally H61der continuous in R n × R and satisfies the following 
condition: 
0_< f(x,u)  < a(ixl)w(lui), x e R n, u e m 
where w(r) is nondecreasing for all r >_ 0, a E C([0, co), [0, co)), and w C C([0, co), [0, co)). 
(i) If  for some e > 0 we have 
o ° s a(s )~(c)  < c (n -  2), ds 
then there exists a 5 C (0, c) such that (1) has a bounded positive solution u(x) with 
~(0) = e, ~ <_ ~(x) < c for Ixl > 0. 
(ii) If  for some c > 0 we have 
fo ~ s a(s) co, ds < 
then there is some B >_ 0 and a 5 E (0, c) such that (1) has a bounded positive solution 
~(x) with ~(0) : ~, ~ <_ u(x) <_ ~ for • ~ GB. 
EXAMPLE 1. For the equation 
~+ 3v~-~ ]~1 =0,  x6~n,  n>3,  
2 (1 + Ix12) ~ 
with h(l~l, I~I) -- x/3 + bl/2(l + I~12) 2, a straightfo~ard oomputation yields 
0 ° s h(s, I) < (n - 2). ds 
Therefore, our theorem ensures that there exists a 6 E (0, I) such that the above equation has a 
bounded positive solution u(x), with u(O) = 1, 6 < u(x) < 1 for Ix] > 0. Observe that the results 
from [1,2,8] are not conclusive. | 
EXAMPLE 2. Among the equations of form (1), we have the Emden-Fowler equation 
Au+p(x) l~ , r=O,  ~>0, xe]~ n, n>3,  (17) 
where p(x) is nonnegative and H61der continuous in R ~. 
(i) For the sublinear (0 < r < 1) or superlinear (r > 1) Emden-Fowler equation, if 
0 ~ s ~{; (x )}  ~s < co, ( is)  
then there exists c > 0 large enough or c > 0 small enough, such that 
f f f  s ZZ{p(x)}  it, ~ ds < c(n - 2). 
Applying the Corollary, we deduce that there exists a 5 E (0, c) such that (17) with r # 1 
has a bounded positive solution u(x) with u(0) : c and 5 < u(x) < c for Ix] >_ 0. 
(ii) For the linear (r : 1) Emden-Fowler equation, if 
f f f  s ~{; (~)}  < ~-  2, (19) ds 
then, applying the Corollary, we deduce that for every c > 0 there exists a 6 6 (0, c) such 
that (17) with r : 1 has a bounded positive solution u(x) with u(O) = c, 5 < u(x) < c for 
Ixl >_ 0. 
Note that under the same condition (18) or (19), the result in [9] is the special case of our 
corollary, and the investigations in [1,2] show only that there is some B > 0 such that (17) has a 
bounded positive solution u(x) with u(x) > 0 for Ix[ >_ B. | 
REMARK. Taking into account he previous two examples, our results improve and enhance the 
results in [1,2,9]. Our approach is typically n-dimensional (n _> 3). For the two-dimensional case, 
we refer to [10,11]. 
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